In this paper, incremental exponential asymptotic stability of a class of switched Carathéodory nonlinear systems is studied based on a novel concept of matrix measure of switched matrices via multiple norms and the transaction coefficients between these norms. This model is rather general and include the case of staircase function of switching signal as a special case. Thus, sufficient conditions are derived for incremental stability. In particular, these conditions allow that the system is incrementally exponential asymptotically stable even if some subsystem is unstable in some time periods. As applications and extensions, asymptotic periodicity and networked systems are investigated by the methodology of matrix measure of multiple norms.
Introduction
Studying incremental stability of nonlinear systems is particularly important in many application areas. Examples include observer design and, more recently, consensus and synchronisation problems in network control where convergence analysis is a fundamental step [28, 22, 23, 27, 25, 26] .
Since the early work of Lewis [14] and Demidovitch [5] , contraction theory has been highlighted as a promising approach to study incremental exponential asymptotic stability (δEAS) of nonlinear systems [16, 11, 1] (see [13] for an historical overview of previous results). In particular, as shown in [16] , sufficient conditions for δEAS of a given system over an invariant set of interest can be obtained by studying in some metric the matrix measure of its Jacobian. It is possible to prove, as done for example in [27] , that if such measure is negative definite in that set for all time than any two trajectories will exponentially converge towards each other; the rate of convergence being estimated by the negative upper bound on the Jacobian measure.
Numerous applications of contraction analysis have been presented in the literature from observer design, to the synthesis of network control systems (see for example [16, 11, 25] and references therein). Remarkably, the problem of studying incremental stability of switched and hybrid systems has attracted relatively little attention in the literature despite the large number of applications where these models are used to describe the dynamics of interest, e.g. power electronic networks, variable structure systems, walking and hopping robots to name just a few, see e.g. [6, 15, 4] .
It has been suggested in [24, 9] that extending contraction analysis to this class of systems can be a viable and effective approach to obtain conditions for their incremental asymptotic stability. Related approaches include the work on convergence of piecewise affine continuous systems presented in [20, 17, 18, 19] and the recent conference papers [8, 7] .
One limitation of the existing extensions of contraction theory to switched systems, see for example [9] , is that they rely on the use of a unique matrix measure to assess the Jacobian of each of the system modes. This is a particularly restricting assumption as it would be desirable to use measures induced by different norms to evaluate the Jacobian of each of the system modes. In the case of Euclidean norms this would correspond to studying incremental stability of the switched system with multiple incremental Lyapunov functions rather than using a common one (which is much harder to find).
The aim of this paper is to address this problem and present conditions for contraction and incremental stability of a large class of switched Carathéodory systems. The key idea is to define the novel concept of matrix measure of switched matrices via multiple norms and exploit the transaction coefficients between these norms. In so doing, sufficient conditions are derived for incremental stability that allow for a system to be δEAS even if some of its modes are unstable (or not contracting) over some time interval.
The theoretical results are illustrated via their applications to some representative examples and applications including the case of periodic switched systems and synchronisation in switching (or blinking) networks.
The rest of the paper is outlined as follows. In Sec. 2, some necessary assumptions, definitions and propositions that will be used through the rest of this paper are presented. The definition of matrix measure induced by multiple norms is provided in Sec. 3 and used to present a general analysis of contraction in switched systems. As an example, the contraction and incremental stability of switched systems with a staircase switching function is studied in Sec. 4. In Sec. 5, the results of contraction with multiple norms are employed to study convergence in several representative applications. Conclusions are then drawn in Sec. 6.
Preliminaries
In this section, we introduce the class of switched Carathéodory dynamical systems of interest and present preliminaries definitions and lemmas that will be used in the rest of the paper.
We focus on switched dynamical systems of the forṁ
where x ∈ R n and the switching signal r(t) is assumed to be a real-valued piecewise continuous function (PWC for short) with respect to time: there exist countable discontinuous points t 0 < t 1 < · · · < t i < · · · such that r(t i ±) exist and r(t i ) = r(t i +) for all t i . A typical example is the staircase function r(t) = ξ i , for t i ≤ t < t i+1 , i = 0, 1, · · · , for the increasing time sequence {t j } j≥0 , which has been widely used as switching signal in control systems [15] .
The vector field f (x, r(t)) : R n ⊗ R ≥0 → R n is said to define a Carathéodory switched system if it fulfils the following conditions [10] : (1) f (x, r(t)) is measurable with respect to t for every x ∈ R n ; (2) f (x, r(t)) is continuous with respect to x for almost every t ∈ R ≥0 ; (3) there exists a Lebesgue measurable function m(t) such that |f (x, r(t))| ≤ m(t) for all x ∈ R n and t ∈ R ≥0 . It is possible to prove that solutions of a Carathédory system exist and are unique [12] .
Here we make the following hypothesis:
We assume that f (x, r) is (i) continuous with respect to (x, r); (ii) continuously differentiable with respect to x, and (iii) that it satisfies the third Carathéodory condition given above.
It can be seen that under hypothesis H 1 , f (x, r(t)) (with respect to (x, t)) satisfies all of the Carathéodory conditions. We define φ(t; t 0 , x 0 , r t ) as the solution of (1) with initial value x(t 0 ) = x 0 and the switching signal r(t).
In this paper, | · | · stands for a specific vector norm in Euclidean space and the matrix norm that is induced by the vector norm accordingly. In Euclidean space, the vector norm can be defined in different ways that are all equivalent. The transaction coefficients between different vector norms are essential in the following contraction analysis, and are presented below. If norms are quadratic, namely, there exists a positive definite matrix P such that |x| P = √ x ⊤ P x for all x ∈ R n , then we have the following result.
Proposition 1
Assume that |x| P = √ x ⊤ P x and |x| Q = x ⊤ Qx for all x ∈ R n with symmetric positive matrices P and Q. Then, we have |x| Q ≤ λ max (P −1/2 QP −1/2 )|x| P for all x ∈ R n , where λ max (A) denotes the largest eigenvalue of a symmetric square matrix A.
Proof
For each x ∈ R n , let y = P 1/2 x. Then, for any x = 0, we have
We will also consider other vector norms of weighted L ptype with 1 ≤ p ≤ ∞, defined as follows.
• Weighted L p -norm: |x| ξ,p = (
Their transaction coefficients are summarised by the following proposition.
Proposition 2 For p > q ≥ 1 with p possibly equal to ∞ and two component-wise vectors
Proof For each p > q ≥ 1 and any
, we know that |y| p ≤ |y| q and |y| q ≤ (n 1/q − n 1/p )|y| p hold for all y if p < q. Hence,
which proves the first and second statements in this proposition. The third one is straightforward, noting that |x| 2,ξ =
Combining Propositions 1 and 2, we can derive all transaction coefficients between all quadratic norms, | · | Q with positive definite matrix Q, and all | · | ξ,p for +∞ ≥ p ≥ 1.
The same transaction coefficients hold for the equivalence between the matrix norms induced by these vector norms.
Next, we define a structured vector norm, following the approach presented in [26] . Specifically, assume
Then, the structured norm of x is denoted by | · | G and defined as:
where the norm | · | S is defined in R K .
Given the same partition of
Then, we have 
Proof It can be seen that
is said to belong to class KL if (1) for each fixed t, the function β(ρ, t) belongs to class K; (2) for each fixed ρ, the function β(ρ, t) is decreasing with respect to t and lim t→∞ β(ρ, t) = 0. In addition, if a function β(ρ, t) of class KL converges to 0 exponentially as t → ∞, β(ρ, t) is said to be of class EKL. Here, we give the following definition of incremental stability from [1] with minor modifications.
Definition 1 System (1) is said to be incrementally asymptotically stable (δAS for short) with r(t) in the region
of class KL such that for any initial data x 0 , y 0 ∈ Σ and starting time t 0 , the following propertyholds
If β(s, t) is picked independently of the initial time t 0 , then system (1) is said to be incrementally uniformly asymptotically stable (δU AS for short). If β(s, t) is of class EKL, then system (1) is said to be incrementally exponentially asymptotically stable (δEAS for short); in addition, if β(s, t) is chosen independently of the initial time t 0 , then system (1) is said to be incrementally uniformly exponentially asymptotically stable (δU EAS for short).

Switched matrix measures and general contraction analysis
In this section, we present an extension of contraction analysis to switched Carathéodory dynamical systems based on the use of appropriately defined multiple matrix measures.
The matrix measure induced by the multiple norms | · | χ , where χ is the index of multiple norms, is defined as
for a square matrix A ∈ R n,n and was used for the contraction analysis of smooth nonlinear systems, see e.g. [16] .
Here, given a PWC function χ(t), we consider the switched vector norm | · | χ(t) dependent on χ(t). The left (right) limit of | · | χ(t) at time t is defined as lim h→0− |x| χ(t+h) (lim h→0+ |x| χ(t+h) ) if it exists for all x ∈ R n , and is denoted by |·| χ(t±) respectively. We say that the switched norm
is left and right continuous. We say that | · | χ(t) is uniformly equivalent if there exists a constant D > 0 such that |x| χ(t) ≤ D|x| χ(s) for all x ∈ R n and t, s.
We can now extend the definition of matrix measure to the case of multiple norms, taking the time-varying nature of χ(t) into consideration, as follows
Definition 2 The switched matrix measure with respect to multiple norms | · | χ(t) is defined as
if the limit exists.
It can be seen that if χ(t) is constant over an interval, say
The existence of the switched matrix measure is related to the partial differential of the switched norm | · | χ(t) defined as follows
We say that the multiple norm | · | χ(t) is right regular at time t if ∂ t (| · | χ(t) ) exists. Thus, we have
Proposition 4 If | · | r(t) is right regular at t, then (1). | · | χ(t) is right continuous at t; (2). ν χ(t) (A) exists at t.
Proof The first statement is straightforward from the definitions of ∂ t (| · | χ(t) ) and right continuity of | · | χ(t) .
The quotient term of the definition of ν χ(t) (A) gives
where o(h) is an infinitesimal term such that o(h)/h → 0 as h → 0. From the first statement, we have lim h→0+ |x| χ(t+h) = |x| χ(t) . Therefore,
This completes the proof.
Using the definition of switched matrix measure, we can now extend Coppel inequality [3] as follows.
Lemma 1 Suppose that | · | χ(t) is uniformly equivalent and right-regular in
Consider the following time-varying Carathéodory dynamical system:
for some PWC matrix-valued function A(t) ∈ R n,n with
Proof For any t ∈ (t 1 , t 2 ) except discontinuous points of A(t), consider the following quotient
, where D + stands for the Dini derivative. Thus, since x(t) is continuous with respect to t, we can prove that (4) holds.
We make the following hypothesis on the multiple norm.
is right-regular everywhere but at the time instants {t j }, it is right-continuous and uniformly equivalent, and its left-limit exists at eacht j .
Thus, we denote byÑ (t, s) = max{i : s <t i < t}, the number of time instantst j in the time interval [s, t]; obviously,Ñ (t) =Ñ (t, t 0 ). In addition, we make the following assumption.
There exists a K-reachable set [27] Σ ⊂ R n which is a forward-invariant for (1).
Then, we are in the stage to state a general result on δEAS of switched dynamical system (1) by contraction analysis in multiple norms.
Theorem 1
Suppose that hypotheses H 1,2,3 hold and that r(t) is PWC. If there exist measurable functions α(t), nonnegative constants β j , j = 1, 2, · · · , c > 0, and T 0 > 0, such that, for all x ∈ Σ, the following conditions hold
and, for all T > T 0 ,
then system (1) is δEAS in Σ with respect to r(t); if (7) holds for some c > 0 independent of t 0 , then (1) is δEU AS with respect to r(t) in Σ. In addition, the exponential convergence rate can be estimated as O(exp(−c(t − t 0 ))).
Proof For any x 0 , y 0 ∈ Σ, since Σ is K-reachable, there exists a continuously differentiable curve γ(s) : [0, 1] → Σ that links x 0 and y 0 , i.e., γ(0) = x 0 and γ(1) = y 0 , and satisfies:
for some constant κ > 0, independently of x 0 and y 0 .
Let ψ(t, s) = φ(t; t 0 , γ(s), r t ), s ∈ [0, 1], be the solution of (1) with initial value ψ(t 0 , s) = γ(s). Since f (x, r(t)) is continuous with respect to (x, t) except for the switching time points {t j } and continuously differentiable with respect to x, then φ(t; t 0 , x 0 , r t ) is continuously differentiable with respect to the initial value x 0 . Let x 0 = γ(s). Then, w = ∂ψ ∂s is well defined and continuous. By the same algebraic manipulations first presented in [27] , except for {t j }, w(t, s) is the Carathéodory solution of:
Consider the sequence |w(t j , s)| χ(tj ) with the variational equation (8) . For all s ∈ [0, 1], by the extended Coppel inequality (4) and condition (5), we have
Using inequality (6) between | · | χ(tj−1) and | · | χ(tj ) , gives
Then, iterating down to i < j, we have
For any t, noting that from definitiontÑ (t)+1 ≥ t >tÑ (t) , we have
Hence, we obtain
for all t − t 0 > T 0 .
Note that c is independent of s. δEAS can be derived by following similar arguments as in [27] . In detail, since | · | r(t) is uniformly equivalent, there exists D > 0 such that |x| χ(t) ≤ D|x| χ(t ′ ) for any x ∈ R n and t, t ′ ≥ t 0 . Then, by (9), we have |φ(t; x(0), r t ) − φ(t; y(0), r t )| χ(t0) (10) ≤ D|φ(t; x(0), r t ) − φ(t; y(0), r t )| χ(t)
which converges to zero exponentially. This proves that system (1) is δEAS.
If (7) holds for some c > 0 independently of t 0 , then (9) holds independently of t 0 if t − t 0 > T 0 , which implies lim t→∞ |w(t)| χ(t0 ) = 0 is uniform with respect to t 0 . By the arguments above, system (1) is δU EAS. In addition, inequality (11) implies that exponential convergence rate can be estimated as O(exp(−c(t − t 0 ))). This completes the proof.
Note that the constant c is an estimate of the exponential convergence rate and also an index of the average contraction rate of (1).
As a simple example to illustrate this result, define a switched matrix measure based on the following multiple norms:
Here, P (t) ∈ R n,n is a differentiable matrix-value function where each P (t) is a symmetry positive definite matrix and satisfies that the largest eigenvalue λ max (P (t)) is upper bounded and the smallest eigenvalue λ min (P (t)) is lower-bounded positive. Then, for any A ∈ R n,n , by simple algebraic manipulations, it can be shown that its switched matrix measure is:
Now, consider the following linear time-varying (LTV) system:
with some PWC matrix A(t). Then, a sufficient condition for δEAS:
for almost every t can be derived immediately by employing Theorem 1. (A similar condition can also be obtained by using the theory of convergent systems as shown in [18] .
Contraction analysis of staircase switching
As a special case and an important application, in this section, we assume that the switching signal r(t) of the switched system (1) is a staircase function:
with an increasing time point sequence {t i } with t i = 0 and lim i→∞ t i = ∞, where ξ i ∈ Ξ with the countable state set Ξ.
Let ∆ i = t i+1 − t i > 0 be the interval between two points, and N (t, s) = max{i : s < t i < t}, be the number of time instants t j where r(t) switches that fall in the time interval [s, t], in particular, N (t) = N (t, t 0 ).
By using multiple norms | · | χ(t) with χ(t) = r(t) we obtian the following convergence results as a consequence of Theorem 1. 
Theorem 2 Suppose that hypotheses H
then (1) is δEAS with respect to r(t) in Σ; if (15) holds for some c > 0 independent of t 0 , then (1) is δU EAS with respect to r(t) in Σ. Moreover, the exponential convergence rate is estimated as O(exp(−c(t − t 0 ))).
Proof Let α(t) = α i if t ∈ [t i , t i+1 ). We have
Under condition (15) , one can conclude that there exists
for all T > T 1 . By employing Theorem 1, δEAS of (1) can be proved. Furthermore, if (15) holds independently of the initial time t 0 , then (16) holds independently of t 0 , then (1) is δU EAS with respect to r(t) in Σ. The exponential convergence rate can be derived as done in the proof of Theorem 1.
The conditions of Theorems 1 and 2 depend on two quantities: the matrix measures α k of the Jacobian of the dynamical system for each constant value of r(t), and the transaction coefficients β kl between norms. As system (1) is defined in finite dimensional Euclidean space, these vector norms are equivalent, i.e., there exist positive constants β kl such that |x| l ≤ β kl |x| k holds for all x ∈ R n . These transaction coefficients between multiple norms were derived in Propositions 1-3. We can exploit this property when considering the case where r(t) (ξ i ) takes values in a finite set Ω = {1, · · · , K}. Specifically, defining for any t > s ≥ 0 T k (s, t) = {τ ∈ [s, t] : r(τ ) = k}, N kl (s, t) = #{i : r(t i −) = k, and r(t i +) = l, s ≤ t i ≤ t} we can state the following result.
Corollary 1 Suppose that hypotheses H 1,2,3,4 hold and that there are at most finite switches in each finite time interval. Suppose that there exist
hold for all T > T 0 , and
hold for all k, l = 1, · · · , K and x ∈ Σ. Then system (1) is δEAS with respect to r(t) in Σ; instead of (17) , if there further exists T 1 > 0 such that for each T 1 -length interval,
for all n ≥ 0, then system (1) is δU EAS with respect to r(t) and Σ.
Proof The first statement can be derived by applying Theorem 2 directly.
For the second statement concerning δU EAS, note that for any t > T 1 , letting Z = ⌊t/T 1 ⌋, with length T 1 , we can partition
,··· ,K,k =l β kl and N T1 be the maximum number of switches that occur in [t, t + T 1 ] for any t ≥ t 0 .
Then, using (19), we have
Thus, we have
which converges to zero as t goes to infinity. Hence, there exist T 2 > 0 and c 0 > 0 such that
for all t > T 2 , and c 0 is independent of t 0 , i.e, (15) holds uniformly. As a direct consequence of Theorem 2, Corollary 1 is proved.
From Corollary 1, in the case that all α k < 0, k = 1, · · · , K, which implies that all subsystems are contracting and hence incrementally stable, the switched system is incrementally stable if the duration of the mode in which each subsystem is active is sufficiently long.
More specifically, if all norms |·| k are identical -and simply denoted by |·| -then β kl = 1 and we can immediately prove the following result. (1) is δU EAS with respect to r(t) and Σ.
From this corollary, one can see that if α k < 0 holds for all k = 1, · · · , K (with respect to the same norm), then (1) is incrementally stable, which coincides with the results in [24] .
Examples
As a representative example, consider the LTV systeṁ
where r(t) : [0, ∞[ → Σ ≡ {1, 2} with A = A(1) or A(2) and B ∈ R 2 . We assume that the linear system is switched between two constant matrices periodically with identical frequency f r. First, we take A(1) = 0 −1
. It is easy to see that, using the matrix . The evolution of the error norm is shown in Fig. 4.1 . In both cases we observe incremental stability as expected. Note that the use of two different weighted norms makes proving incremental stability much simpler than if one common metric had to be used for both modes as required by previous results (e.g. [24, 9] ). 
Assume, for example, that f r = 0.25 Hz. Then c = 1.1010. This implies that the conditions in Corollary 1 are satisfied. Therefore, the LTV system (20) under investigation is δUEAS, as shown in Fig. 4 .1, despite one of its modes being unstable.
Note that the average matrix between A(1) and A(2) given by
0.3562 0.1182 , is unstable as it has eigenvalues located at −6.3988 and 0.2311. Hence, the results presented in [21] cannot be applied for this specific situation. Nevertheless our extension of contraction analysis to switched systems gives a simple and viable set of conditions that can be used to prove that indeed the system is incrementally stable.
In addition, since from the properties of matrix measures,
it is not possible to find a uniform norm such that the average of the matrix measures of the switched matrices induced by this matrix norm is negative as required by Corollary 2. Therefore, in this case, multiple norms must be utilised for proving contraction and δAS of the system under investigation.
Other applications
In this section, we extend some notable applications of contraction analysis to the case of switched Carathéodory system with multiple norms.
Periodic systems
As suggested in [16] and [27] , a smooth contracting system forced by a periodic signal tends asymptotically towards a periodic solution of the same period. Here we study the case of a switched system such as (1) in the case where the switching signal r(t) is periodic, i.e. there exists some T > 0 such that r(t + T ) = r(t) for all t.
Definition 3
We say that system (1) is asymptotically periodic (AP for short) (in Σ) if there exists a periodic solution of (1) and (1) 
is δAS. Similarly to what done in Definition 1, we can define exponential asymptotic periodicity (EAP for short).
Since r(t) is periodic, the time instants where r(t) switches, say {t j }, are also periodic with period T and so is the function N (t, s) = N (t + T, s + T ) for all t > s. Letting χ(t) = r(t), we can prove the following results.
Theorem 3
Suppose that hypotheses H 1,2,3 hold and that r(t) is a periodic function as defined above. If there exists measurable functions α(t), t ∈ [t 0 , t 0 + T ], nonnegative constants β j , j = 1, 2, · · · , J and c > 0 such that, for all j = 1, · · · , J and x ∈ Σ, the following conditions hold
and,
then system (1) is EAP with respect to Σ.
Proof It is straightforward to verify that under the condition of Theorem 3, the condition of Theorem 1 are satisfied. Therefore, (1) is δEAS. The existence of periodic solution of (1) follows the similar arguments in [27] by the contraction mapping theorem. This completes the proof. (1) is EAP with respect to Σ.
Convergence in switched networked systems
In [26] it was shown that contraction analysis can be used to carry out the hierarchical analysis and design of networked systems. Here we present an extension of this approach to the case of networks of switched systems.
The starting point as in [26] , is that of partitioning x into several sub-vectors, K vectors:
corresponds to the k-th subsystem. Then, system (1) can be equivalently written in the following form:
where
The norm of x is defined by (2) . Accordingly, the Jacobin matrix of f (x, t) (with respect to x) can be partitioned in the form of
LetÃ ij (x, r(t)) = |A ij (x, r(t))| ij , where the norm | · | ij is defined by
and consider the reduced K × K matrix
Theorem 1 in [26] showed that for smooth systems
but set switched multiple norms in R K , denoted by | · | S,χ(t) with a PWC function χ(t). From Theorem 1, we have the following result immediately.
Proposition 5
Suppose that hypotheses H 1,2,3 and that r(t) is PWC. If there exists measurable functions α(t), nonnegative constants β i , i = 1, 2, · · · , c > 0, and T 0 > 0, such that, for all i and x ∈ Σ, the following conditions hold
then (22) is δEAS with respect to r(t) in Σ; if (25) holds for some c > 0 independent of t 0 , then (22) is δEU AS with respect to r(t) in Σ.
Proof Let | · | G,χ(t) be the switched norm induced by (2) . It can be seen that |J(x, r(t))| G,χ(t) ≤ |J(x, r(t))| S,χ(t) . The proof of this proposition essentially comes from the following claim:
In fact, it can be seen that
. By the definition of ν, namely (3), this claim can be proved.
Due to |x| G,χ(s) = |y| S,χ(s) , the transaction coefficients between | · | G,χ(t) and those between | · | S,χ(t) are equal, according to Proposition 3.
Combining these two claims, this proposition can be derived by employing Theorem 1 directly.
Besides, all the results given so far in the paper hold for the case of networked system (22) in the case that the norm is defined as in (2) and replacing | · | G,χ(t) in R n by | · | S,χ(t) in R K .
Synchronization in switched networks
Finally, we consider a network example inspired from one first presented in [9] . Here we assume the network equation is given bẏ
where x i ∈ R n stands for the state vector at node i,
is the Laplacian matrix associated with a graph G = [V, E], where V = {1, · · · , m} is the node set and E the link set, by the way that for each (i, j), L ij takes value −1 if there is a link from node j to i and 0 otherwise, and
σ(t) takes values 0 or 1, implying that the diffusive coupling among the nodes in the graph G is only active when σ(t) = 1 while it is not presentwhen σ(t) = 0. We can rewrite (26) in compact form as:
and ⊗ is the Kronecker product. Assume that L is diagonalisable, i.e., there exists a nonsingular Q ∈ R m,m such that Following similar arguments to those in [24, 9] , global synchronization of network (27) can be achieved if the following linear systems (obtained via linearisation and block diagonalization of (27)): holds for all T > T 0 , where T u (s, t) stands for the duration of σ(t) = u in the time interval (s, t] and N uv (s, t) is the number of switches from σ(t) = u to σ(t) = v, for all u = v, u, v = 0, 1, then system (27) synchronises.
Note that for each i = 2, · · · , m, µ 1 (A(t) − kλ i Γ) ≤ µ 1 (A(t) − kλ 2 Γ) + k(λ i − λ 2 )µ 1 (−Γ) ≤ µ 1 (A(t) − kλ 2 Γ).
Due to µ 1 (−Γ) ≤ 0, then (29) hold for all i = 2, · · · , m. The proof is thenstraightforward by using Corollary 1 and following the same steps of the proof of Theorem 5.1 in [9] .
To illustrate this result, we takeA(t) = 0 2saw T (t)
where saw T (t) = t − ⌊t⌋ is the sawtooth matrix, where ⌊z⌋ denotes the largest integer less than z, Γ is the identity matrix, and the underlining graph of 10 nodes has the structure shown in Fig. 5 .3, associated with a Laplacian L with λ 2 (L) = 2.7142. To study convergence, we choose weighted 1-norms: |y| 0 = |y 1 | + √ 2|y 2 | and |y| 1 = |y 1 | + |y 2 |, which implies (i) β 01 = √ 2 and β 10 = 1; (ii) µ 0 (A(t)) ≤ √ 2 for all t. We take k = 3/λ 2 (L) = 1.1053, so that for some T > 0. From condition (29) in Proposition 6, one can obtain that if T > 1.1439, then system (27) synchronises. To illustrate this result, we take T = 2. Figs. 5.3 shows that as expected all nodes synchronise on a common periodic trajectory.
Conclusions
We have presented an extension of contraction analysis to switched Carathéodory systems. The key step was the definition of switched matrix measures induced by multiple norms. Using these measures, it was possible to derive different sets of sufficient conditions for asymptotic incremental stability of the systems of interest. Most notably, it was possible to prove contraction and hence incremental stability by using different norms, each associated to a different mode of the switched system under investigation. This complements and extends in a highly nontrivial manner to the case of multiple norms, previous results presented by some of the authors in [26] , [9] , where contraction was studied by using a common metric. The theoretical results were illustrated on a set of representative examples and applications showing the effectiveness of the proposed method.
